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A REMARK ON LORENTZ ALGEBRAS

R. STRASEK AND B. ZALAR

ABSTRACT. An interesting topic in the theory of Jordan Banach algebras
is that of ultraprimeness. In this note we prove that for Lorentz algebras,
equipped with the spectral norm, the constant of ultraprimeness is % regard-
less of dimension.

1. INTRODUCTION

Many problems that arise from quantum physics and theories of interaction of
elementary particles give rise to special algebraic structures. Jordan algebras were
introduced as a possible algebraic foundation of calculus of observables. In general,
a vector space (A, o) over field F, equipped with the bilinear mapping (a, b) — aob
is a Jordan algebra if

aob="boa
and
(a*ob) oa=a’o(aob)
hold for all a,b € A. A considerable supply of Jordan algebras is given by

Example 1. Let B be a linear subspace of an associative algebra A which is square
stable, i.e. for anya € A, a® belongs to B. Then B equipped with the Jordan product

aob= %(ab—f—ba)
is a Jordan algebra.

Jordan algebras are not used only in quantum mechanics, they also have ap-
plications in various parts of mathematics such as geometry of bounded domains,
analysis on symmetric cones, statistics, etc. Some recommended books about them
are [4, 6, 9, 10] and [13].

Let A be an associative Banach algebra. Given any a,b € A we define the
algebraic operator

Ma,b A— A
by

Mg p (x) = azb.
Linear combinations of such operators are called elementary operators and have
been widely studied in recent years. As part of the study of elementary operators
and related topics, M. Mathieu (see [9]) introduced the idea of an ultraprime
Banach algebra. An algebra A is defined to be ultraprime if there is a positive
number k such that the estimate

[ Masll > & lall o]l
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is valid for all a,b € A. Obviously every ultraprime algebra is prime, while the
converse is not true. Omne of the counterexamples is the algebra of the Hilbert-
Schmidt operators. For Jordan algebras this theory was first considered by M.
Cabrera and P. Rodriguez in [2] (see also [11]). In Jordan algebras the operator
which represents their primeness is the Jacobson-McCrimmon operator, defined by

Ugp () = (aox)ob+ (box)oa—(ach)oxm.
In the case of the Jordan algebras from Example 1 this reduces to
Uayp (2) = % (azb + bza) .

The definition of ultraprimeness can be given in the form that there should exist
a positive constant x such that

1Uasll > # llall Il

for all a,b € A. In [12] L.L. Stacho and B. Zalar considered the ultraprimeness
of the Jordan algebras of hermitian operators on a real or complex Hilbert space.
These algebras belong to a wider class, which is related to the analysis on cones
in R"™ (see [4] for details). These algebras are called Euclidean algebras and are
completely classified. Beside hermitian operators on a real, complex, quaternionic
or octonionic space, there is one more class of Euclidean algebras. They are called
Lorentz algebras and are associated to Minkowski light cones (see [4] for details).

From the results of [1, 2] and [3] it is already known that in the spectral norm
the estimate

1Uasll 2 & (V2=1) llal [l

is valid for all elements a, b from a Lorentz algebra, regardless of its dimension. It
is the purpose of the present note to sharpen this result and improve the upper
estimate.

2. DEFINITIONS

Let H be a finite dimensional real Hilbert space and let {a, b) be the inner product
defined on H. On the vector space £ = R®H we define the product

(A4 a)o (u+b) = Au+ (a,b) + pa + Ab.

It is not difficult to verify that £ is a Jordan algebra with the identity element
e = 1+ 0. It is called Lorentz algebra and belongs to the class of Euclidean
algebras associated to symmetric cones in real vector spaces (see [4]).

Remark 1. Lorentz algebra also arises in the framework of Example 1 as a subspace
of the Clifford algebra constructed from inner product (.,.). There exist Jordan
algebras that cannot be obtained from such a construction.

In the monograph of J.Faraut and A. Koranyi there are two important norms
on Euclidean Jordan algebras which are considered. The first one is the obvious
Hilbert norm ||z|| = v/(z,z) . The second one is the so called spectral norm and is
defined as

(1) llullo = max{[Ai},

where )\; are eigenvalues of the spectral decomposition of u € L. We recall that
by spectral decomposition ([4], page 43), for each v € L there exist unique real
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numbers A, ..., A\ all distinct, and a unique complete system of orthogonal idem-
potents {ci,...,ci} such that

u=Ac1+ ...+ Apcg.

We also recall that {c1,...,c} is a complete system of orthogonal idempotents if

2 _
Ci—ci,

cioc; =0 for i #j
c1+co+...+cp =e.
It is not difficult to verify that the only possible nonzero idempotents in Lorentz

algebra £ are e and %+ %ﬁ, for all a € H. The spectral norm is the analogue of the

operator norm which is the framework of most existing results on ultraprimeness,
so it is natural to use it in our work as well. In this way we obtain a result which
is independent of the dimension of L.

Let u = A+ a € £ be arbitrary and let

U= MAc1+ Ao = Ay (%-{-%HUTH) + Ao (%-{—%Hz—ll)

be its spectral decomposition. Obviously 2\ = A; + A2. Since the idempotents ¢;
and co are orthogonal, we have u = —v and so 2||a|| = [A\1 — A2|. Hence we have
A1 = A+ |a|| and A2 = X — ||a]|. Considering both identities, the norm (1) in the
case of Lorentz algebra can be rewritten as

[ulloe = 1Al + llall -

In the context of a general study of ultraprime Jordan Banach algebras, the authors

of [3] consider in particular the case of JB*-algebras, and prove that for Lorentz

algebras the constant of ultraprimeness is 1 (v/2—1). It is our purpose in the

sequel to improve the existing estimate. More precisely we shall prove

Theorem 1. Let L be a Lorentz algebra. Then we have

1Uabll oo > 5 llall 1]l »
for all a,b € L.

Note that ||Uq ||, means

sup ||Ua,(2)ll5 -
] o <1

3. PROOF OF THE THEOREM

In the case of Lorentz algebra the Jacobson-McCrimmon operator can be de-
scribed as
Uap (x) = App + A {v, w) + p (u, w) + p (u,v) +
+Apw + ppu + Apv + (v, w) u + (u, w) v — (u,v) w,
wherea=A+u,b=p+vandz=p+weL.
Lemma 1. Let £ be a Lorentz algebra and let a = A+u, b = p+v € L be co—norm

one elements. Then we have

1Ua,blloe = max {|2ful] = 1], [2]lo]| — 1]}
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Proof. From the definitions of norm and U, we can easily calculate that
Uap (@) o = [App + A (v, w) + p{u, w) + p(u,v)| +

A2 + ip + Apv + (v, w) u + u, wh v — {uv) wl]

Choose © = p+ w € L such that p = —\ and w = u and compute expression
[|[Uapz|| . We have

1Uablloe > | =220+ X, 0) + p{u, u) = Au,0) | +
+ ||/\uu — A — N0+ (u,v) u + (u, u)v — (u,v)u“ =
2 2 2
= [N+l ] + || =220 + [l o > [=22 + ull| (al + ol

Since |A| + |Ju|| = |p| + ||v]] = 1 we have

Wapllo = 12 lull 1]
If we replace p by —p and w by v in the same way as above, we get

Uablloe = 1210l = 1]
Considering both estimates, we conclude the proof. a

Lemma 2. Let L be a Lorentz algebra and let a = A+u, b = p+v € L be co—norm
one elements. Then we have

1Uablloe = (1= [lul) (1= loll) + ([l o]l

Proof. Suppose first that A has the same sign as u. Choose z = p +w € L such

that p =0 and w = ||I|UHU+H“HU Then ||w|| = 1 and so

[vllut]ullo]l
v||u + ||u||v v||u + ||u||v
A<U7 vl w+ lull >+u<u, vl w+ lull >‘+
ol w+ [|ul vl ol w+ [|ul vl
‘ vl w + [[ul|v < [lv]| w + [[ul|v >u+

+ || Ap v
‘ ol + [Jull ol vl + [lull ol
E

LT S L 2
e el -+l ) + [l o, ) et

||Uu7v||oo > ||Uu,v (37)||oo >

ol + ol ol w + [l v
S 1
~ Mol w4l o]
2 2
+ fullloll™ u + (ol fJul]” v + {lull (v, u) v = ||v]] {u, v) u = ||ul] (v, v) UH =
B 1
l[oll w4 {lul| v
= |
lllollw + [jull ol
= A A+ [lull lofl] = (1 = flell) (0= {lol]) + [ful o]
If A has the opposite sign as u, then we choose x = p+w € £ such that p = 0 and

[|v]u—]lu|lv

2 2
| ettt + fell o) + el ol + Yol of| =

e+l {[ol]) (ol + [[ull o)l =

W = ToTatallol In the same way as above, we get
1
0uvllog 2 1Wuw (@)l oo 2 s | (e = [l [[v]]) (vl w = [[ull v)[| =

7 Mvff e = {full o]
= (A = [l {lof[] = (T = lJull) (0= {lof]) + [full o]
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Proof of Theorem 1. Without loss of generality we may assume that ||a|| = [[b]|,
1. Let a = A+ wu and b = u + v. Denote by

r = max {[[ul] , [Jv][}
If kK > %, by Lemma 1, we have
Uasll, >126—1] =25 —1| = 5.
Ifk < %, then the second lemma yields
1Uaplloe > (1= llull) (1= lvll) + llull [lo]] > 5.
Considering both cases, we have

1Uabllo > 5 llall 1Bl -

oo —
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